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ABSTRACT 
We give bounds on the real and imaginary parts of the eigenvalues of an 
oriented-graph matrix, prove that each of the irreducible oriented-graph ma- 
trices of order n 2 3 has at least three distinct eigenvalues, and determine 
such irreducible matrices with three distinct eigenvalues. We also consider spec- 
tral properties of the bipartite oriented-graph matrices and the multiequipartite 
oriented-graph matrices. 
1. INTRODUCTION 
An n x n symmetric (0,l) matrix A with trace zero is called a graph 
matrix. For a given graph matrix A of order n, a (0,l) matrix solution M 
of the matrix equation 
M+i@=A (1.1) 
is called an oriented-graph matrix, where Mt is the transpose of M. Clearly, 
A is the adjacency matrix of some simple undirected graph G of order n, and 
M is the adjacency matrix of an oriented graph D obtained by assigning an 
orientation to each edge of G. G is called the fundamental graph of D. In 
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particular, if A is the matrix of the complete graph K,, then (1.1) becomes 
M+Mt=A= Jn,n-In, (1.2) 
where J,,, is the m x n all-ones matrix and I, is the identity matrix of order 
n, and M in (1.2) is a tournament matrix. If A = [Aij] is the matrix of the 
k-partite complete graph K721,7L2,...,71~, where Aij = Jni,,nj, 1 I i # j 5 k, 
and Aij = Oni is the ni x ni zero matrix, 1 < i 5 k, then M in (1.1) is the 
matrix of a k-partite tournament Tn,,nn,...,n,,. If A = [Aij] is the matrix of 
a k-partite graph G,l,nZ,...,nk, where Aji = Aij is an ni x nj(0, 1) matrix, 
1 5 i # j 5 k, and Aii = O,%, i = 1,2, . . . , k, then M in (1.1) is the matrix 
of a k-partite oriented graph Dnl,nz,,.,,nk. When k = 2, a (0, l)-matrix 
solution M of the equation 




is a bipartite oriented-graph matrix, where B is an m x n(0, 1) matrix. In 
addition, if nr = nz = . - - = nk = m, then each of Knl,nz ,..., nk, Tn,,nz ,..., 7Lk, 
G n1rn2 ,... ink, and D,, ,n2 ,..., 71k is called k-equipartite. 
Brauer and Gentry [2] considered bounds on the real parts and the 
imaginary parts of the eigenvalues of a tournament matrix. They proved 
that, if M is an n x n tournament matrix, then -+ 5 ReX(M) 5 $(n - l), 
where ReX(M) is the real part of an eigenvalue X(M) of M. This yields 
that p(M) 5 $(n - l), where p(M) is the Perron value of M, with equality 
holding if and only if M is regular (see Moon and Pullman [S]). 
They also observed that ]ImX(M)] 2 ; cot(r/2n), where ImX(M) is the 
imaginary part of X(M). The result is a particular case of the following 
Pick’s inequality [9]. 
THEOREM 1.1. Let A = [aij] be an n x n real matrix. Denote g(A) = 
max {](aij - aji)/21 : 1 5 i,j 5 n}. Then 
]ImX(A)] 5 g(A) cot $. (14 
Recently, Gregory, Kirkland, and Shader [5] characterized those real 
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matrices A that have an eigenvalue X(A) for which equality in (1.5) holds. 
They call such matrices Pick matrices. Their result is the following: 
THEOREM 1.2. An n x n real matrix A is a Pick matrix if and only 2f 
there is a signed permutation matrix Q(i.e.Q = DP, where D is a diagonal 
matrix with diagonal entries fl, and P is a permutation matrix) such that 
(a) A -At = 2g(A)QtW,Q, and 
(b) Qtw is an eigenvector of A, where w = [l, w, w2, . . . , wnpllt, w= 
eiTln, and 
w, = 
0 1 ... 1 1 
-1 0 ... 1 1 
. . . . . 
-1 -1 ... 0 1 
-1 -1 . . . -1 0 
They also characterized the tournament matrices that are Pick matrices. 
In addition, Zagaglia Salvi [lo] characterized the irreducible tourna- 
ment matrices with three distinct eigenvalues. Further, de&en, Gregory, 
Kirkland, Pullman, and Maybee [4] proved that, if n > 3, then each of the 
irreducible n x n tournament matrices has at least three distinct eigenvalues. 
The purpose of this paper is to extend the above results concerning 
the eigenvalues of a tournament matrix to the oriented-graph matrices. 
In Section 2, we give bounds on the real parts and the imaginary parts 
of an oriented-graph matrix, prove that each of the irreducible oriented- 
graph matrices has at least three distinct eigenvalues, and characterize the 
irreducible oriented-graph matrices having three distinct eigenvalues. In 
Section 3, we discuss spectral properties of the bipartite oriented-graph 
matrices and the k-equipartite oriented-graph matrices. 
2. ORIENTED-GRAPH MATRICES 
We require the following theorems. 
THEOREM 2.1. Let M be the matrix of an oriented-graph D of order 
n, and A the matrix of the fundamental graph G of D. If Xl(A) and X,(A) 
are the madmal and minimal eigenvalues of A, respectively, then 
$X,(A) i ReX(M) 5 ix,(A). (2.1) 
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Proof. This is a consequence of Bendixson’s theorem (see Marcus and 
Mint [7]). W 
THEOREM 2.2. Let S and T be two nonnegative matrices of order n, 
and S 5 T, where the inequality holds entry by entry. Then 
4s) I P(T)> (2.2) 
and p(S) < p(T) if S # T and T is irreducible. Also, there exists a 
nonnegative eigenvector x such that Sx = p(S)x. 
Proof. See Berman and Plemmons [I]. ??
We now prove the following: 
THEOREM 2.3. Let M be the matrix of an oriented-graph D of order n. 
Then p(M) 5 4(n - l), with equality holding if and only if M is a regular 
tournament matrix. 
Proof. Suppose A is the matrix of the fundamental graph G of D. 
Then 
M + Mt = A 5 J,,, - I,. 
It follows from Theorems 2.1 and 2.2 that 
2p(M) 5 o(M + Mt) I p(Jn,n - In) = n - 1. 
If p(M) = f (n - l), then o(M + Mt) = p(J,,, - In) and M + Mt = A 
J - I, by Theorem 2.2, since J, n - I, is irreducible. Thus M is a 
;urZment matrix and is regular by a’result of Moon and Pullman [8]. ??
For the imaginary parts of the eigenvalues of an oriented-graph matrix, 
we have 
THEOREM 2.4. Let M = [aij] be an n x n oriented-graph matrix. Then 
]ImX(M)] 5 a cot $, (2.3) 
with equality holding for some X(M) f a an only if M is a Pick tourna- d 
ment matrix. 
Proof. It is easy to check that g(M) = f . By Pick’s inequality (1.5), 
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the inequality (2.3) holds. If the equality in (2.3) holds, then by Theo- 
rem 1.2, 
M - Mt = QtW,Q. 
Since each of the nondiagonal entries of QtWnQ is nonzero, aij - aji is 
nonzero for all (i,j),l < i # J’ 5 n. Thus aij # ajz for each (i,j), 1 5 i 
# j < n. This shows that M + Mt = J,,, - In, i.e., M is a tournament 
matrix and therefore is a Pick tournament matrix. ??
Finally, we consider the least number of the distinct eigenvalues of an 
oriented-graph matrix. We need the following: 
THEOREM 2.5. An n x n tournament matrix has exactly three distinct 
eigenualues if and only if it is a Hadamard matrix. 
Proof. This is a result in Zagaglia Salvi [lo]. W 
THEOREM 2.6. Suppose that M is an irreducible nonnegative matrix 
of order n 2 4, with integer entries. Further suppose that the trace of M2 is 
zero and that M has exactly three distinct eigenvalues. Then n is odd, p(M) 
is an integer, and i (n - 1) divides p(M). 
Proof. This is a result in de&en, Gregory, Kirkland, Pullman, and 
Maybee [4]. ??
We now prove the following: 
THEOREM 2.7. Let M be an irreducible oriented-graph matrix of or- 
der n > 3. Then M has at least three distinct eigenvalues, and M has 
precisely three distinct eigenvalues if and only if it is a Hadamard tourna- 
ment matrix. 
Proof Since the trace of M2 is zero, the eigenvalues of M cannot all 
be real. Hence, in addition to the Perron value p(M), M has at least one 
conjugate pair of nonreal eigenvalues. So M has at least three distinct 
eigenvalues. 
Now suppose that M has exactly three distinct eigenvalues. When n = 
3, there are only two 3 x 3 irreducible oriented-graph matrices as follows: 
0 1 0 
Ml= [ 0 0 1  , M2=M;. 
1 0 0 
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Clearly, each of Ml and Mz has precisely three distinct eigenvalues and 
is a Hadamard tournament matrix. If n 2 4, then p(M) 2 i(n - 1) 
by Theorem 2.6. On the other hand, p(M) I f (n - 1) by Theorem 2.3. 
Therefore p(M) = i(n - l), and M is a regular tournament matrix. Thus, 
by Theorem 2.5, M is a Hadamard tournament matrix. 
The converse is Theorem 2.5. ??
3. BIPARTITE ORIENTED-GRAPH MATRICES 
In this section, we consider bounds on the spectral radius of the bipartite 
oriented-graph matrices. 
THEOREM 3.1. Let 
be a bipartite graph matrix, where B is an m x n(0, 1) matrix. Then p(A) 5 
Jmn, with equality holding if and only if B = J,,,, i.e., A is the matrix 
of the bipartite complete graph K,,,. 
Proof Suppose 
w = p- J;,n 
[ n,m 71  
is the matrix of K,,,. Then p(W) = fi (see CvetkoviC, Doob, and 
Sachs [3]). Since A 5 W, we have p(A) 2 p(W) = @ by Theorem 2.2, 
and p(A) = ,/%i if and only if A = W, since W is irreducible. ??
THEOREM 3.2. Let M be an m x n bipartite oriented-graph matrix. 
Then p(M) 5 ic mn, with equality holding if and only if M is a bipartite 
tournament matrix as follows: 
(3.1) 
where m and n are even, each of the row sums of K is in, and each of the 
columns sums of K is $m. 
Proof. Suppose A = M + Mt. Then, by Theorems 2.1 and 3.1, 
2p(M) <AM + Mt) = P(A) I xf- mn, with equality holding if and only if 
A is the matrix of the bipartite complete graph K,,,. In this situation, M 
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has the form (3.1). Suppose p(M) = i&iX. Then 
Let z be a $ &i?i-eigenvector of M. Then 
2Az = zt(M + Mt)z = @ztz. 
Since A is symmetric and p(A) = F mn is its largest eigenvalue, z must be 
a Jmn-eigenvector of A. It is easy to check that xt = (fiJ1 m, fiJ~+)~ 
is a Jmn-eigenvector of A. Since p(A) = &iE has multiplicity 1, z must 
be a multiple of x. Hence 
i.e., 
KJl,, = !pJl,m, 
KtJ1,, = +JI,,. 
Thus m and n are even, each of the row sums of K is kn, and each of the 
column sums of K is irn. ??
Note that Theorem 3.2 generalizes Corollary 15 of Kirkland and Shader 
PI. 
We now turn to the k-equipartite graph matrices. 
THEOREM 3.3. Let A = [Aij] be the matrix of a k-equipartite graph, 
where Ai, is an m x m(0, 1) matrix, Aji = A$, 1 < i # j 2 k, and A,i = 
O,, 1 I i 5 k. Then p (A) 5 (k - 1) m, with equality holding if and only 
if A is the matrix of the k-equipartite complete graph Km,,,,,,,,. 
Proof Suppose W = [Wij] is the matrix of K,,,,...,,, where Wii = 
O,, 1 5 i 5 k, and Wij = J,.,, 1 5 i # j 2 k. Then p(W) = (k - 1)m. 
Since A 5 W, we have p(A) 5 p(W) = (k - 1)m by Theorem 2.2, and 
p(A) = (k - 1)m if and only if A = W, since W is irreducible. ??
THEOREM 3.4. Let M = [Mij] be the k-equipartite oriented-graph 
matrix, where Mii = O,, 1 5 i < k. Then p(M) < i(k - l)m, with equality 
holding if and only if M is a k-equipartite regular tournament matrix. 
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Proof. The proof is like that of Theorem 3.2 and is omitted. ??
REMARK. Theorem 3.4 generalizes Theorem 2 (ii) of Kirkland and 
Shader [6]. 
I am very grateful to a referee for helping me to improve the proof and 












A. Berman and R. J. Plemmons, Nonnegative Matrices in the Mathematical 
Sciences, Academic, New York, 1979. 
A. Brauer and I. Gentry, On the characteristic roots of tournament matrices, 
B~11. Amer. Math. Sot. 74:1133-1135 (1968). 
D. M. CvetkoviC, M. Doob, and H. Sachs, Spectra of Graphs, Theory and 
Application, Academic, New York, 1979. 
D. de&en, D. A. Gregory, S. T. Kirkland, N. J. Pullman, and J. S. Maybee, 
Algebraic multiplicity of eigenvalues of a tournament matrix, Linear Algebra 
Appl. 169:179-193 (1992). 
D. A. Gregory, S. J. Kirkland, and B. L. Shader, Pick’s inequality and tour- 
naments, Linear Algebra Appl. 186:15-36 (1993). 
S. J. Kirkland and B. J. Shader, On multipartite tournament matrices with 
constant team size, Linear Algebra Appl., to appear. 
M. Marcus and H. Mint, A Survey of Matrix Theory and Matrix Inequalities, 
Prindle, Weber & Schmidt, Boston, 1964. 
J. W. Moon and N. J. Pullman, On generalized tournament matrices, SIAM 
Rev. 12:384-399 (1970). 
G. Pick, ober die Wurzeln der characterischen Gleichung von Schwing 
ungsproblemen, Z. Angew. Math. Mech. 2:353-357 (1922). 
N. Zagaglia Salvi, Alcune proprieta delle matrici torneo regolari, Rend. Sem. 
Mat. Brescia Ed. Vita e Pensiero 7:635-643 (1984). 
Received 15 February 1993; final manuscript accepted 23 August 1993 
